ON CONTINUITY OF MULTIPLICATION IN
A COMPLEMENTED ALGEBRA PARFENY P. SAWOROTNOW
The present study was originally motivated by reading a paper of M. Rajagopalan [6] , The author and Sr. K. A. Bellcourt were able to obtain the same result as M. Rajagopalan under much weaker hypothesis. Latter the author realized that in the case of an iϊ*-algebra and a two-sided iϊ*-algebra the condition " || xy || ^ M \\ x \\ || y ||" is a consequence of the other axioms in the definition. The same is true about right iϊ* -algebra if we assume continuity of involution (It was pointed out to the author that P. J. Laufer established this result in 1958. The author arrived at it independently of Laufer).
The present paper deals with the question whether the same is true about complemented algebras. It turns out that we have to assume topological semi-simplicity in some sense and continuity of the mapping x -• xa (Sr. Bellcourt should be credited with the idea of assuming topological semi-simplicity). Below we have a new characterization of complemented algebras. Lemma 1 may be of interest by itself. Proof. Let ae A and let a n be a sequence of members of B such that a n ->α. Then the sequence ||α Λ || is bounded; also the sequence ||α»ίc|| is bounded for each x in A (\\a n x || g || i2. || ||α n ||). From Theorem 5, page 80, of [3] we may conclude that there exists a positive number M such that ||Z/ α J| ^ M for each n. Now let x m , xeA be such that x m ->x. Then \\ax -a n x m || = \\ax -a n x + a n x -a n x m \\ ^ \\a -αj| ||R x \\ + M\\x -x m \\.
From this we may draw two conclusions. First of all B = A (note that the above inequality implies that ax m -+ax\ \\ ax -ax m \\ ^ || ax -α»» m || + || α» -α || II-RβjJD Secondly, combining this fact with the above we see that the mappijig <x, y> -> xy is continuous. This conclusion can be obtained also using a result of [2] . 3* DEFINITION. Let A be a complex (associative) algebra whose underlying vector space is a Hubert space. Then A will be called a right almost complemented algebra (r. a. c. algebra) if it has the following properties:
(i) In each ideal IΦ 0 there exists an element a such that there is no sequence x n with property that a + x n -ax n -> 0 (we may say that a is not topologically quasi-regular) (compare with [11] ). We will refer to this property as a topological semi-simplicity.
(ii) The mapping R a : x -> xa is continuous for each aeA.
Note that (ii) implies that the closure of a right ideal is also a right ideal.
Let A be a fixed r. a. c. algebra. [9] and [8] it is understood that a projection is a nonzero element).
LEMMA 2. Every nonzero left ideal L in A contains a left projection (as in
Proof. The proof is a modification of the last part of the proof of Theorem 3.2 of [11] . (The first part of the proof is not valid since the mapping x -> ax does not have to be continuous. However property (i) of the above definition is stronger than topological semisimplicity of [11] ). We take an element a in L which is not topologically right quasi-regular, consider R -{ax -x \ x e A) and project a upon R p . Proof. If the lemma is not true then we can find a sequence e n of left projections such that ||e n ||->0. For each n let λ n be a positive number such that ||λ n β n || = 1. Then X n -> oo and ||λ Λ β Λ ίc)| S \\R\\ for each xsA.
LEMMA 3. If e is a left projection in
By Theorem 5 of [3] there exists a positive number M such that λ n ||L βfi || -||L λwβ J| ^ M for each n. It means that ||L e J| < 1 for n large enough.
COROLLARY. Each left projection in A is a finite sum of orthogonal primitive (minimal) projections.
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The following lemma is a generalization of Mazur-Gelf and theorem. It was established by the author and Sr. K. A. Bellcourt in the latter part of 1961 (presented to the society on February 22, 1962 [4] Proof. The general idea of the proof is the same as in the proof of Theorem 22F in [5] .
For each aeA let us write \a\ instead of ||JS α || (\a\ is the norm of the operator x -> xa). Invoking Liouville's theorem we conclude that x = λe (or rather x = (l/λ)β) for some complex λ. Proof. Let x n , x and u in A be such that x n -> x, ax n -• u. Then (u, z) = lim % (ax n9 z) = lim % (α; n , α ι s) = (αx, ^) for each zeA. It simply means that u = αx. The lemma now follows from closed graph theorem.
In the following lemmas A will again denote a fixed r.a.c. algebra.
LEMMA 7. If e is a primitive left projection in A then eA and
Ae are minimal ideals and eAe is isomorphic to the complex field.
Proof. The first part of the proof is almost identical with the proof of Lemma 3.3 of [11] . We may conclude that ue is not topologically right quasi-regular (if eu is not) since the mapping x -•» ex is continuous. The last part of the lemma follows from Lemma 5. Proof. As in the proof of Theorem 2 of [9] we show that there exists a dense subset B of A such that every element in B has a left adjoint in A. The theorem now follows Lemmas 1 and 6 above. Then A is a two-sided if *-algebra.
Proof. This theorem follows from Lemmas 1, 6 and Theorem 1. (Note that an orthogonal complement of a right ideal in A is again a right ideal).
